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Abstract: Frege and Russell’s view on the relation between 
logic and mathematics is often referred to as logicism. The 
logicism’s main claim is that mathematics is part of logic. 
Wittgenstein is not a logicist, and in a sense, his views on logic 
and ma-thematics are diametrically opposed to those of Frege 
and Russell. However, as far as the relationship between the two 
areas is concerned, Wittgenstein seems closer to the logicism then 
to the prevailing modern view since logic and mathematics are 
closely connected in the Tractatus. I will outline and compare 
three views on the relation between logic and mathematics: 1) 
the logicist view as represented by the logical and mathematical 
systems of Frege and of Russell; 2) the prevailing contemporary 
view; 3) Wittgenstein’s view in the Tractatus.
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I will begin by pointing to what I consider the main features 
of three views on the relation between logic and mathematics. 
Then I will elaborate on them.

Characteristic of Frege and Russell’s view is that both logic 
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and mathematics are considered real theories. Their sentences 
are viewed as stating something about the world, about how 
things are. That is, for logicism, logic and mathematics are 
not fundamentally different from the other theories, such as 
physics, che-mistry, etc. What distinguishes them is their extreme 
generality. According to the founders of the modern logic, logic is 
the ultimate science about all properties and relations in general. 
They believe mathematics is a part of logic because it reduces to 
set theory and sets reduce to properties and relations.

By contrast, according to the prevailing contemporary view, 
mathematics is a theory but logic is not because it consists of 
all logically valid sentences (of all tautologies in Wittgenstein’s 
terms) and these sentences are true no matter how things are. 
On the contrary, mathematics contains sentences that are not 
logically valid, whose truth values depend on how things are. 
In other words, unlike the sentences of logic, the sentences of 
mathematics have contents. Since mathematics is a theory and 
logic is not, mathematics cannot be a part of logic.

According to Wittgenstein, neither logic nor mathematics are 
theories. One of the most important claims of the Tractatus is that 
logic consists of tautologies – this view has established itself as 
the modern view on logic. The view has as a consequence that 
logic is not a theory. However, for Wittgenstein mathematics also 
is not a theory – he believes that its sentences, like the sentences 
of logic, are (theoretically) meaningless.

We have the following three views on logic and mathematics. 
For Frege and Russell, both logic and mathematics are theories 
about certain abstract objects. According to the prevailing 
modern understanding, mathematics is a theory about certain 
abstract objects but logic is not a theory at all. For Wittgenstein, 
neither logic nor mathematics are theories. Frege’s and Russell’s 
view, on the one hand, and Wittgenstein’s, on the other, are at the 
two extremes and that is precisely why they all (Frege, Russell 



35

The Relation between Logic and Mathematics:
A Comparison of the Views in Tractatus

with Frege and Russell’s views

Evgeni Latinov Latinov
Sofia University „St. Kliment Ohridski“, 

elatinov@phls.uni-sofia.bg 

Abstract: Frege and Russell’s view on the relation between 
logic and mathematics is often referred to as logicism. The 
logicism’s main claim is that mathematics is part of logic. 
Wittgenstein is not a logicist, and in a sense, his views on logic 
and ma-thematics are diametrically opposed to those of Frege 
and Russell. However, as far as the relationship between the two 
areas is concerned, Wittgenstein seems closer to the logicism then 
to the prevailing modern view since logic and mathematics are 
closely connected in the Tractatus. I will outline and compare 
three views on the relation between logic and mathematics: 1) 
the logicist view as represented by the logical and mathematical 
systems of Frege and of Russell; 2) the prevailing contemporary 
view; 3) Wittgenstein’s view in the Tractatus.

Key words: Wittgenstein, Tractatus, logicism, Frege, 
Russell 

I will begin by pointing to what I consider the main features 
of three views on the relation between logic and mathematics. 
Then I will elaborate on them.

Characteristic of Frege and Russell’s view is that both logic 

36

and mathematics are considered real theories. Their sentences 
are viewed as stating something about the world, about how 
things are. That is, for logicism, logic and mathematics are 
not fundamentally different from the other theories, such as 
physics, che-mistry, etc. What distinguishes them is their extreme 
generality. According to the founders of the modern logic, logic is 
the ultimate science about all properties and relations in general. 
They believe mathematics is a part of logic because it reduces to 
set theory and sets reduce to properties and relations.

By contrast, according to the prevailing contemporary view, 
mathematics is a theory but logic is not because it consists of 
all logically valid sentences (of all tautologies in Wittgenstein’s 
terms) and these sentences are true no matter how things are. 
On the contrary, mathematics contains sentences that are not 
logically valid, whose truth values depend on how things are. 
In other words, unlike the sentences of logic, the sentences of 
mathematics have contents. Since mathematics is a theory and 
logic is not, mathematics cannot be a part of logic.

According to Wittgenstein, neither logic nor mathematics are 
theories. One of the most important claims of the Tractatus is that 
logic consists of tautologies – this view has established itself as 
the modern view on logic. The view has as a consequence that 
logic is not a theory. However, for Wittgenstein mathematics also 
is not a theory – he believes that its sentences, like the sentences 
of logic, are (theoretically) meaningless.

We have the following three views on logic and mathematics. 
For Frege and Russell, both logic and mathematics are theories 
about certain abstract objects. According to the prevailing 
modern understanding, mathematics is a theory about certain 
abstract objects but logic is not a theory at all. For Wittgenstein, 
neither logic nor mathematics are theories. Frege’s and Russell’s 
view, on the one hand, and Wittgenstein’s, on the other, are at the 
two extremes and that is precisely why they all (Frege, Russell 



37

and Wittgenstein) closely connect, even identify, logic and 
mathematics.

In what follows, I will elaborate on these three views. I’m 
starting with Frege and Russell’s view.

In itself, the view that mathematics is logic seems strange. 
Ever since its origin, logic has been related to every possible claim 
to speak the truth, i.e. to every possible theory and every possible 
argument in every field. On the contrary, mathematics has a li-
mited subject area. How is it possible to think that mathematics is 
logic? The answer seems to be in two parts.

The first is that, according to Frege and Russell, every po-
ssible predicate denotes a certain abstract object, which we may 
call a property or relation. For example, the predicate “planet” 
denotes the property of being a planet, the predicate “relative” 
denotes the relation between two relatives, etc. Although logic 
abstracts itself from any particular content, from any particular 
theory in any particular field, it cannot abstract itself from the fact 
that in every claim to speak the truth properties or relations are 
affirmed or denied of entities. Viewed in that way, logic seems to 
be the most general theory, not about some specific objects, pro-
perties and relations, but of objects, properties and relationships in 
general. This understanding explains how logic can be thought as 
a theory about certain abstract entities (any property or relation).

The second part of the answer is that in the late 19th century 
set theory emerged and it became clear that all mathematical 
objects (relations, functions, numbers, etc.) can be thought of as 
sets and all mathematical truths boil down to truths about sets, in 
short – mathematics reduces to set theory. The abstract entities of 
sets, however, are very closely related to the abstract entities of 
properties and relations, which, in turn, are the subject of logic 
as Frege and Russell understand it. Combining the two parts, 
we have the following: 1) mathematics is a theory about sets; 2) 
sets are reduced to properties or relations in general; 3) logic is 
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the theory of properties and relationships in general. Therefore, 
mathematics is part of logic.

I have been referring to the abstract objects of logic (as the 
logicism views it) as properties and relations. Now I am going 
to get into some more details about them. Frege calls them 
“concepts” and defines them as functions that have individuals as      
arguments and the truth or the falsehood as values (also abstract 
entities). These functions are intensional, which means that two 
of them can have the same values for the same arguments and still 
be distinct. To each of them a particular object is closely related – 
the set of the things that fall under the concept (that the function 
has the value truth for15). The only formally important difference 
between concepts (i.e. properties and relationships) and sets is that 
if some sets have the same elements, they are necessarily identical 
(the same set), while two different concepts can have the same 
things falling under them. In effect, the system of Grundge-setze 
der Arithmetik uses the language of second-order predicate logic, 
in which every predicate denotes an entity (the corresponding 
concept). Additionally Frege provides by an axiom (which he 
considers logical truth) that every concept corresponds to a set – 
the set of the things falling under the concept. This second assum-
ption (combined with the second order language used) leads to 
Russell’s paradox and makes the system contradictory.

As for Principia Mathematica (Russell and Whitehead’s 
lo-gical and mathematical system), properties and relations are 
also treated as functions, which are called propositional functions 
and are somewhat different from Frege’s. Like Frege’s concepts, 
they are intensional functions but except individuals they can 
also have other propositional functions as arguments. Also, they 
do not have the truth or the falsehood as values but propositions 
– abstract entities corresponding to sentences’ meanings. Like 
15  Sets can also be viewed as functions – then they are the extensional 
counterparts of the intensional functions of concepts.
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Frege’s system, the system of Principia mathematica provides 
for every predicate (including compound ones) a corresponding 
propositional function (a property or relation). However, Principia 
Mathematica avoids the paradoxes by treating predicates that do 
not agree with Russell’s Theory of types as meaningless and so 
failing to refer to anything. Moreover, Russell and Whitehead 
identify sets with propositional functions. More precisely, the 
former are contex-tually defined in terms of the latter. In that 
way taking about sets boils down to taking about propositional 
functions, i.e. properties or relations.

Now I am turning to the prevailing contemporary view on 
the relation between logic and mathematics. A crucial difference 
with Frege and Russell’s understanding is that today logic is not 
committed to an ontology of abstract entities (the properties and 
relations). The standard logical language now is that of first-
order predicate calculus, in which predicates do not denote. The 
only symbols that refer to entities in it are the singular terms, 
most notably the bound individual variables. For example, if I 
say “Some cats are black” using the formalized language of first-
order predicate logic, I commit myself only to the existence of 
black cats. I do not commit myself to the existence of the property 
of being black or the property of being a cat, nor to the existence 
of the set of all black things or the set of all cats. Of course, one 
may commit oneself to the existence of these abstract entities but 
this has to be done explicitly, by another sentence in which the 
properties or sets in question are denoted by singular terms, not 
by predicates. So, the mere usage of the language does not entail 
the existence of the abstract entities of properties and relations as 
Frege and Russell believed.

As far as mathematics is concerned, the modern understanding 
is that it reduces to set theory. The official formalized language 
of set theory, and thus of mathematics in general, is again the 
language of first-order predicate calculus. In contrast, the 
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languages of Frege’s and Russell’s logical and mathematical 
systems are not of first order. As remarked earlier, Frege’s 
symbolism uses in effect the language of second-order predicate 
calculus and orders in Russell’s theory of types are unlimited. 
Generally, the order of a formal language is higher than first if and 
only if the predicate symbols denote things. So, from the point of 
view of the way the formalized language is used, today neither 
logic, nor set theory, nor mathematics in general are committed 
to the existence of abstract entities. However, from the point of 
view of what is stated explicitly in a theory, set theory, and hence 
mathematics as a whole, are committed to the existence of abstract 
entities, namely sets, but this is done explicitly through axioms. 
An important point is that these axioms are not logically valid 
sentences (they are not tautologies in Wittgenstein’s terms) and 
since, by definition, logic is considered consisting of all logically 
valid sentences, mathematics is not considered part of logic. Logic 
and mathematics are now separated.

I am turning to the Tractatus now. It contains the then novel 
(and very important) thesis that only the elementary sentences in 
a language correspond or do not correspond directly to the world. 
All other sentences say something about the world only through 
the medium of the elementary sentences since they are explained as 
truth functions of them. Another novel thesis (also very important 
and connected with the first) is that logical sentences do not say 
something about the world since they are always true regardless 
of the truth values of the elementary sentences. A con-sequence 
of the second thesis is that logic is not a theory. Wittgenstein 
makes a further step – he declares its sentences (theoretically) 
meaningless.

As stated earlier, one of the reasons to get to the view that 
mathematics is part of logic was the understanding that every 
pre-dicate denotes something. It commits logic to an ontology 
of abstract entities from which sets can be obtained. This view 
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is partly available in the Tractatus. According to Wittgenstein, 
possibility of language requires every part of each elementary 
sentence to denote something. While it is not clear what exactly 
are the sentences Wittgenstein regards as elementary, we have 
little choice but to think of them at least formally in the way 
we think of the atomic sentences in predicate logic, namely as 
combinations of singular terms and predicates. So, if we take as a 
hypothetical    example of an elementary sentence “This is black”, 
according to the Tractarian picture theory of meaning both the 
singular term “this” and the predicate “is black” have to denote 
something – two of the Tractarian objects (die Gegenstände). 
Therefore, Wittgenstein preserves the key presupposition of the 
logicism, at least in part. The meaning of each sentence reduces 
to the meanings of a set of elementary sentences, and for an 
elementary sentence to have meaning, it is necessary, according to 
Wittgenstein, each part of it to refer to an object. In this way, that 
every simple predicate refers to an object is a necessary condition 
for each sentence to have a meaning. (This presupposition is not 
available in the contemporary approach, where the truth conditions 
of the elementary (atomic) sentences are defined a la Tarski in a 
way that only singular terms refer to things.)

However, there is an important difference between 
Wittgenstein’s view and Frege and Russel’s position in this regard. 
Only the elementary predicates have to denote things according 
to Wittgenstein. In contrast, Frege’s and Russell’s logical and 
mathema-tical systems assume that every meaningful predicate 
corresponds to a property or relation. More specifically, for every 
expressible condition (i.e. every simple or compound predicate) 
in Frege’s symbolism there exist a corresponding concept (a 
property or relation) and a corresponding set. Similarly, the 
system of Principia mathematica ensures that for every possible 
predicate that agrees with Russell’s theory of types there exists a 
corresponding pro-perty or relation (a propositional function). So, 
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this key logicist assumption is available in Wittgenstein’s treatise 
but it is considerably weakened as it applies only to elementary 
predicates (predicates in elementary sentences).

As for the Tractarian philosophy of mathematics, it is 
quite fragmentary. It concerns only the arithmetic operations of 
addition and multiplication on natural numbers. For Wittgenstein, 
ma thematical sentences are equations and he believes that 
equations are meaningless pseudo-sentences. This belief seems 
connected with the Tractatus’ principle discussed above that an 
elementary sentence has a meaning only if each of its parts refers 
to something. The identity (equation) sign is a simple predicate, 
so it has to refer to something, which according to Wittgenstein 
is not the case because logical words do not denote things 
(“There are no logical objects” – 4.441, 5.4). He thinks that in 
the complete logical analysis, different simple symbols refer to 
different objects and the same symbols refer to the same objects. 
As a result, again in the mysterious “complete analysis”16, the 
fact that something is identical to something or that something 
is different from something could only be shown by the fact that 
the symbols used are the same symbols or different symbols – it 
could not be expressed by a sentence, and equations are sentences. 
Accordingly, they are declared meaningless.

The Tractatus philosophy of mathematics can be characte-
rized as a formalism in contrast to the realism (or Platonism) of 
Frege and Russell. For Wittgenstein, mathematics is not a theory 
about objects (whether abstract or not) – it results from operations 
on language expressions. Mathematics and logic are closely related, 
first, because their sentences are pseudo-sentences, and secondly, 
because they are united by the concept of calculation, the basis 
of which is the concept of operation. Wittgenstein understands 
operations as being only applicable to language expressions the 
16  If it were clear what the complete logical analysis is, it would be clear 
which sentences are elementary.
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result of the application being also a language expression. In 
logic, in particular, there is only one such operation – negation. 
It applies to an arbitrary set of sentences thereby yielding a new 
sentence, which is true if and only if all of the initial sentences 
are false. The operation is firstly applied to elementary sentences 
and then to the results of the previous applications. In this way, 
all compound sentences come into being and are functions of 
elementary sentences.17

In a sense, in the Tractatus mathematics is more general than 
logic because numbers are thought to be a generalization of the 
notion of iteration of any operation. They are obtained from the 
concept of the iterative application of any operation, whereas the 
sentences of logic (the tautologies) result from the iterations of a 
single operation – uniform negation.

Usually, natural numbers are obtained by sequentially 
adding the number 1 – again and again – starting from zero. 
In the Tractatus, to the addition of 1 (the successor relation) 
corresponds the application of any operation to the result of a 
previous application of the same operation. For example, if we 
start from an elementary sentence (imagine that it corresponds to 
0) and negate it, the negation would correspond to 1; if we negate 
the negated sentence, the result will correspond to 2, and so on. 
For Wittgenstein, however, numbers are not associated with a 
particular operation (such as the successor operation or negation), 
but with any possible operation. If we limit ourselves only to the 
operation of negation for example, it would turn out that 2 equals 
0, because each sentence is logically equivalent to the negation 

17 A significant difference between logic in the Tractatus and the standard 
propositional and predicate logics is that it allows for infinite conjunctions, 
disjunctions, etc. This is so since Wittgenstein’s negation operation presupposes 
the concept of a set (what is negated are all the sentences in a set), and sets 
can be infinite. As a result, this logic allows for the explicit definition (not just 
the recursive one) of “natural number” in terms “successor” – something 
impossible in the standard logic.
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of its negation. 2 does not equal 0 because numbers have to do 
with any operation, and it is not true that the application of any 
operation to the result of a previous application always yields the 
thing we started from.

Logic and mathematics for Wittgenstein do not have their 
own sentences since these sentences would be meaningless. 
However, logic and mathematics are practically useful with regard 
to sentences that do not belong to logic or mathematics since they 
enable us to draw inferences between such sentences. The be-
nefit of mathematics is that it makes possible to infer certain non-
mathematical sentences from other non-mathematical sentences. 
For example, from the sentence “In each of my trousers pockets 
there are 2 Euros” I may infer the sentence “In my trousers pockets 
there are 4 Euros in total”. Intuitively, the reason for the inference 
is the equation “2 + 2 = 4” but according to Wittgenstein it is a 
pseudo-sentence which it is not needed (as a sentence) for the 
inference. The basis of the inference is a certain rule of iterative 
application of any operation, which is implicitly contained in the 
equation. Namely, that applying any operation two times in a row 
and then applying it again two times in a row yields the same 
thing we would get if we applied it four times in a row.

The Tractarian philosophy of mathematics does not have 
the success of the Tractarian philosophy of logic. Wittgenstein’s 
view on logic, unlike his view on mathematics, has become the 
common view. At the same time, Frege and Russell’s view on 
mathematics, unlike their view on logic, is (and perhaps has always 
been) the common view. I mean the view that mathematics is a 
theory about certain abstract objects – sets, functions, numbers, 
etc. Both Frege and Russell, on the one hand, and Wittgenstein, 
on the other, unite logic and mathematics but for quite different 
reasons. For Frege and Russel they are real theories about certain 
abstract entities. For Wittgenstein neither logic nor mathematics 
are theories. Historically, what prevailed was Frege and Russell’s 
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can be infinite. As a result, this logic allows for the explicit definition (not just 
the recursive one) of “natural number” in terms “successor” – something 
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view on mathematics, not on logic, and Wittgenstein’s view on 
logic, not on mathematics. The result is that logic and mathematics 
are separated now as they have always been.
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Abstract: In this paper, I want to explore what it means for 
meaning not to be a metalogical concept. The concept of metalogic 
caught Wittgenstein’s attention in the early ‘30s. What he meant 
was prima facie unclear, as the concept risks being confused with 
what we are used to call metalogic nowadays. Despite the obvious 
affinities, the two are quite separate notions. I will then first explore 
what is for Wittgenstein metalogic, and why more generally we need 
to refuse it in our investigations of the grammar of language. I will 
argue that the refutation of metalogic in the early ‘30s is related to 
Wittgenstein’s new methodology and is part of his general move to 
get out of the Tractatus’s muddles. Second, I will try to highlight 
what it means for meaning to be a non-metalogical concept. I can 
already anticipate that it is a matter of conceiving its unity as a 
family of cases rather than through a univocal definition, as when 
we say that meaning is a normative notion. Finally, I will argue that 
a correct understanding of meaning as a non-metalogical concept 
can bring about troubles to those interpretations, such as Baker 
and Hacker’s, which surprisingly overlook such an important 
detail in Wittgenstein’s philosophy. As a result, we should rather 
conceive meaning, what we mean when we use the word meaning, 
beyond the boundaries of any normative conception that consider 
meanings only as equivalent to the correct use of our words.

Key words: Wittgenstein, Metalogic, Meaning, Philosophical 
Investigations, Onomatopoeias, Sound, Rules, Hacker


